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Abstract: 

The "take-them-in-or-leave-them-out" of prior probabilities is a key problem in uncertain reasoning. The EMYCIN 
uncertain reasoning model is inconsistent with probability theory, due to 'leaving them out', whereas the PROSPEC
TOR uncertain reasoning model is substantially consistent with probability theory, due to 'taking them in'. However, 
in the PROSPECTOR model, there are the following problems: 1} prior probabilities need to be supplied with values 
by human experts, which is a very arduous task; 2} to overcome the problem of the inconsistency among the values of 
prior probabilities, the formula for sequential propagation used in this model is a pseudo-probability formula, which 
weakens the theq~etical basis of the model; and 9) the semantics of rule strength is difficult to understand. This 
paper presents a PROSPECTOR-like uncertain reasoning model for solving the above three problems. Moreover, 
we illustrate our discussion with an example. 

1 Introd uctlon 

In the real world, human reasoning is normally based 
on uncertain information, and on rules which are not 
well-defined in a logical sense. If an expert system is 
to help with such uncertain reasoning, modeling uncer
tainty is required. Some alternative approaches have 
already been proposed for reasoning under uncertainty 
in rule-based expert systems. Two of the most well
known models of uncertain reasoning in rule-based ex
pert systems are those employed in the EMYCIN sys
tem [19, 17] and in the PROSPECTOR system (8). One 
of the important issues associated with these models is 
whether the prior probabilities of the nodes in an in
ference network need to be supplied with values. If so, 
this is a very arduous task for human experts, because 
the prior probabilities are rarely available, and are dif
ficult to obtain. In the EMYCIN model, there is no 
such need, so the model is widely applied in expert sys
tems. On the contrary, the PROSPECTOR subjective 
Bayesian model, because of such a need, is applied in 
very few expert systems. 

However, researchers such as Heckerman [10) and 
Buxton [2], have noted that the EMYCIN model has 
suffered from an inconsistency with probability the
ory. Though the PROSPECTOR model is substantially 
consistent with probability theory, prior probabilities 
need to be supplied with values by human experts. Nat
urally, people try to obtain a solution in which no prior 
probability need not be supplied with a value, and the 
model is also consistent with probability theory. 

*This research is supported by the large grant from the Aus
tralian Research Council (A49530850). 
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Buxton failed to find a solution to this problem. 
Heckerman promises to provide a solution by way of 
modifying the definition of the EMYCIN certainty fac
tor; however, Dubois and Prade [6) have said that Heck
erman's method dispels the advantage of the EMYCIN 
certainty factor, i.e. the advantage that the certainty 
factor can distinguish belief from doubt in an assess
ment. For this reason, another solution to this problem 
is worth considering. 

The primary objective of this paper is to present a 
competitive solution to this problem. First, by the anal
ysis of the issue of the semantics of the measures for 
rule-uncertainty in the PROSPECTOR model, we in
troduce two new measures for rule-uncertainty. Then 
the work of supplying values for prior probabilities of 
the conclusions of rules is converted into giving some 
instances of uncertain reasonings following these rules. 
Prior probabilities are very difficult to obtain, and to 
estimate, but it is very easy for human experts to give 
one instance of uncertain reasoning when giving a rule. 

Notice that, with the phrase "Prior probabilities are 
very difficult to obtain and to estimate", we never dis
miss decades of research on eliciting prior probabilities. 
Indeed, there are plenty of methods for obtaining prior 
probabilities. However, the methods require a great 
deal of time and money, especially when a large knowl
edge base is involved. This may make the builders of 
expert systems very uncomfortable. Instead, since hu
man experts have experience of application of uncer
tain rules, it should be much easier for them to give in
stances of uncertain reasonings. Incidentally, some re
searcher [5] thinks providing prior probabilities for root 
nodes is also a major difficulty in constructing Bayesian 
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networks [18, 3], which are currently very popular in 
many practical domains. 

In the PROSPECTOR model, supplying a subjective 
value for prior probability of the conclusion of every rule 
leads to an additional problem. That is, an inconsis
tency among values of prior probabilities may occur. To 
be consistent, this model uses a pseudo-probability for
mula for sequential propagation, which actually weak
ens the theoretical basis of the model. This problem is 
also solved in our approach. 

This paper is organized as follows. In Section 2 we 
introduce two new measures for rule-uncertainty, and, 
in addition, give some theorems by which the values of 
prior probabilities of both premise and conclusion of a 
rule can be found from the value of its rule-strength 
and- one instance of uncertain reasoning following this 
rule. Moreover, in this section we outline a way to 
avoid inconsistency among the values of prior probabil
ities. Section 3 discusses how to find the prior probabil
ity of the node corresponding to a Boolean expression. 
Section 4 discusses the propagation formulae for prob
abilities. This is necessary because the assessments for 
uncertainties, of both evidence and rules, can be trans
formed into the values of the corresponding probabili
ties. Section 5 gives an example to illustrate the power 
of our methodology. Finally, a summary of the paper 
is provided in Section 6. 

2 Rule Strength and Prior Prob
ability 

Here we suggest two new measures for rule-uncertainty, 
and further discuss a way to find the values of prior 
probabilities of the premise and conclusion of a rule, 
from the value of rule strength and one instance of un
certain reasoning following this rule. Supplying values 
directly for prior probabilities is a very arduous task for 
human experts. But clearly, it is much easier for human 
experts to give one instance of uncertain reasoning at 
the same time as giving a rule. 

2.1 Measure for Uncertainties 

In the PROSPECTOR model, the uncertainty of a rule 
E -t H is measured by the sufficiency measure LS and 
the necessity measure LN. LS measures the degree to 
which E supports or denies H, and LN measures the 
degree to which -.E supports or denies it. LS and LN 
are defined as 

LS = P(EIH) 
P(EI-.H) 

LN = P(-.EIH) 
P(-.EI-.H) 

where P denotes probability. (Note that, in this paper, 
P always denotes probability.) 

In the real world, people often use the comparison of 
P(BIA) and P(BI-.A) to express the degree to which an 
evidence A is a possible cause of hypothesis B. Accord
ingly, what LS measures is the degree to which H is a 
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possible cause of E; what LN measures is the degree 
to which H is a possible cause of -.E. Unfortunately, 
the meaning of the uncertain causal relation E -t H 
is that E is a possible cause of H. So, LS and LN 
fail to capture the idea of the rule, and therefore they 
are likely to provide the inadequate measures for uncer
tainties of the rule. To solve the problem, we suggest 
two new measures for uncertainties of the rule E -+ H 
as follows: 

Definition 1 The favoring-cause measure and the 
against-cause measure of a rule E -+ H, denoted by 
I LS and I LN respectively, are given by 

ILS = P(HIE) 
P(HI-.E) 

ILN = P(-.HIE) 
P(-.HI-.E) 

(1) 

(2) 

I LS is the ratio of the probability of hypothesis H, 
given the evidence E, to the probability of hypothesis 
H, given evidence -.E. For example, ILS = 5 means 
that the probability of H given E is five times greater 
than the probability of H given -.E. Clearly, I LS > 1 
implies P(HIE) > P(HI-.E), and so this means that 
E is a possible cause of H. In this case, the greater 
the value of I LS, the greater the possibility that E 
is a cause of H. Instead, ILS < 1 implies P(HIE) < 
P(HI•E), and so this means that •E is a possible cause 
of H. In this case, the smaller the value of I LS, the 
greater the possibility that •E is a cause of H. I LS = 1 
implies P(HIE) = P(HI-.E), and so this means that 
E is independent of H. 

As for I LN, the semantics is similar. I LN is the 
ratio of the probability of hypothesis -.H, given the 
evidence E, to the probability of hypothesis -.H, given 
evidence •E. For example, ILN = 5 means that the 
probability of •H given E is five times greater than the 
probability of •H given -.E. Clearly, ILN > 1 implies 
P(•ifiE) > P(-.HI-.E), and so this means that E is 
a possible cause of -.H. In this case, the greater the 
value of I LN, the greater the possibility that E is a 
cause of -.H. Instead, ILN < 1 implies P(-.HIE) < 
P(-.HI-.E), and so this means that -.E is a possible 
cause of -.H. In this case, the smaller the value of 
I LN, the greater the possibility that -.E is a cause of 
-.H. ILN = 1 implies P(-.HIE) = P(-.HI-.E), and so 
this means that E is independent of -.H. 

As a consequence, from the viewpoint of whether E 
(or -.E) is a possible cause of H (or -.H), I LS and I LN 
provide natural measures for uncertainties of E -+ H. 

Theorem 1 

P(HIE) = I LS(1 - I LN) (3) 
ILS- ILN 

P(HI-.E) = 1- ILN (4) 
ILS- ILN 

Proof. Noting that P(-.HIE) = 1 - P(HIE) and 
P(-.HI-.E) = 1- P(HI-.E), we can easily derive (3) 
and (4) from (1) and (2). D 
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By the above theorem, the values of P(HIE) and 
P(Hl-.E) can be found from ILS and ILN, respec
tively. 

The following theorem gives the constraints underly
ing the mathematical properties of I LS and I LN, by 
which a human expert must abide on supplying values 
for them. 

Theorem 2 

1. ILS > 1 ~ ILN < 1 

2. I LS < 1 <=> I LN > 1 

3. ILS = 1 ~ ILN = 1 

Proof. We only check item 1, and the others can be 
checked in the same way. 

ILS > 1 

~ P(HIE) > P(Hl-.E) 

~ 1- P(HIE) < l- P(Hl-.E) 
~ P(-.HIE) < P(-.Hj-.E) 

<=> ILN < 1 

0 

The following lemma is the total probability formula. 
By displaying the formula as a lemma, we can present 
the description in a sound and clear mathematical form. 

Lemma 1 

P(H) = P(HIE)P(E) + P(Hl-.E)P(-.E) (5) 

From the proof of Theorem 2, we know 

ILS = 1 ~ P(HIE) ; P(Hl-.E) 

then by Lemma 1, we have 

ILS = l <=> P(H) =P(HIE) 

This means H is independent of E. In other words, 
when ILS = 1, the rule E--+ H is actually not valid. 
Therefore, we need not consider such rules. 

For uncertainty of evidence, we use the measure in 
the PROSPECTOR model as follows: 

Definition 2 The certainty measure of a proposition 
A under an observationS, denoted by C(A, S), is given 
by 

{ 

5 X P(AIS)-P(A) 
P(-.A) 

C(A,S) = 0 

5 X P(AIStP(A) 
p A) 

if P(A) < P(AIS) 
if P(A) = P(AIS) 
if P(A) > P(AIS) 

Thus, we have 

Theorem 3 

P(AIS) = 
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C(A,St(-.A) + P(A) 

if 0 :5 C(A, S) :5 5 
(C(A ,S)+5)P(A) 

5 

if 0 > C(A,S) ~ -5 

(6) 

(7) 

3 

By the above theorem, for a piece of evidence E, if 
the value of P(E) is known, the value of C(E, S) can 
be transformed into the value of P(EIS) . 

Therefore, if the values of uncertain measures of both 
evidence and rules can be transformed into the values 
of the corresponding probabilities, for the propagations 
of uncertainties of evidence and rules in reasoning, it is 
enough for us to considered the corresponding proba
bility propagation formulae . This will be discussed in 
Section 4. 

2.2 Basic Theorems 

In the PROSPECTOR model, a human expert needs 
to supply the values for prior probabilities of nodes in 
an inference network. This is very difficult. For the 
rule E --+ H, we now give some theorems by which the 
values of both P(E) and P(H) can be derived, from 
the value of (I LS, I LN) and one instance of uncertain 
reasoning to illustrate the use of this rule. The problem 
of supplying values for P(E) and P(H) is converted 
into the problem of giving one instance of the uncertain 
reasoning following the rule E --+ H. Clearly, the latter 
is much easier and more intuitive than the former. 

One instance of uncertain reasoning to illustrate 
the use of the rule E -t H, denoted by a pair 
(C(E, S), C(H, S)), is as follows: if the value of the 
uncertainty measure of E is C(E, S), then by the rule 
E -t H it is concluded that the value of the uncertainty 
measure of His C(H, S). 

Lemma 2 

ILN -1 
P(H)= ILN-ILS(ILSxP(E)+P(-.E)) (8) 

Proof. From formulae (3), (4) and (5) , we can easily 
derive formula (8). 0 

Duda et al. [8] showed 

Lemma 3 If H and S are conditionally independent 
given E and -.E, that is, 

P(HIE AS) = P(HIE) (9) 
P(Hl-.E AS) = P(Hl-.E) (10) 

then 

P(HIS) = P(HIE)P(EIS) + P(Hj-.E)(l- P(EIS)) 
(11) 

By Theorems 1 and 3, and Lemmas 2 and 3, we easily 
prove the following theorems. Note that for the sake of 
convenience in these theorems, we put 

ILS(l- ILN) 
u = ILS- ILN (12) 

u 
V= ILS (13) 

Theorem 4 IfC(E,S) > 0 and C(H,S) > 0, then 

P(E) = C(E, S)(u- v)- C(H, S)(1- v) (14) 
(u- v)(C(E, S)- C(H, S)) 

P(H) = u x C(E, S) - C(H, S) (1S) 
C(E, S) - C(H, S) 
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Theorem 5 IfC(E,S) < 0 and C(H,S) > 0, then 

C(H, S)(v- 1) 
P(E) = (C(E, S) + C(H, S))(v- u) 

P(H) = C(H, S) +V X C(E, S) 
C(E, S) + C(H, S) 

(16) 

(17) 

Theorem 6 If C(E, S) > 0 and C(H, S) < 0, then 

P(E) = (u- v)C(E, S) - v x C(H, S) (1B) 
(C(E, S) + C(H, S))(u- v) 

u X C(E,S) 
P(H) = C(E, S) + C(H, S) (19) 

Theorem 7 If C(E, S) < 0 and C(H, S) < 0, then 

V X C(H,S) 
P(E) = (C(E, S) - C(H, S))(u- v) (20) 

V X C(E,S) 
P(H) = C(E, S)- C(H, S) (21 ) 

For the rule E ~ H, by Theorems 4-7, P(H) and 
P(E) can be found from its strength (ILS, ILN) and 
an instance (C(E, S), C(H, S)). Namely, these theo
rems convert the problem of supplying values for prior 
probabilities into the problem of giving one instance of 
uncertain reasoning. Clearly, the latter is much easier 
and more intuitive than the former. On the contrary, 
in the PROSPECTOR model a domain expert is en
gaged in the very arduous task of supplying a value for 
the prior probability of the conclusion of each rule in a 
knowledge base. 

In the following theorem, we give the constraints 
among rule strength (I LS, I LN) and a reasoning in
stance (C(E, S), C(H, S)). On supplying this instance, 
a domain expert must follow these constraints. 

Theorem 8 

1. If ILS > 1, then 

C(H, S) > 0 <=> C(E, S) > 0 

C(H, S) < 0 <=> C(E, S) < 0 

2. If ILS < 1, then 

C(H, S) > 0 <=> C(E, S) < 0 

C(H, S) < 0 <=> C(E, S) > 0 

9. IF ILS # 1, then 

C(H, S) = 0 <=> C(E, S) = 0 

Proof. Firstly, we prove Item 1, and Item 2 can be 
proved in the same way. 

1) By Definitions 1 and 2, we have 

ILS > 1 <=> P(HIE) > P(HI·E) 
C(H,S) > 0 <=> P(HIS) > P(H) 

C(H,S) < 0 <=> P(HIS) < P(H) 

C(E,S) > 0 <=> P(EIS) > P(E) 

C(E,S) < 0 <=> P(EIS) < P(E) 
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2) By Lemmas 1 and 3, we easily derive 

P(H)-P(HIS) = (P(HIE)-P(HI•E))(P(E)-P(EIS)) 

From 1) and 2), we know that Item 1 holds. 
Secondly, we prove Item 3. By Definition 2, we have 

C(E, S) = 0 <=> P(EIS) = P(E) 
C(H, S) = 0 <=> P(HIS) = P(H) 

And from 2), when P(HIE) # P(HI•E), that is, 
ILS # 1, we have 

P(HIS) = P(H) <=> P(EIS) = P(E) 

So, Item 3 holds. 0 

Items 1 and 2 in this theorem state that, when I LS > 
1, it is impossible that one of C(H, S) and C(E, S) is 
greater than 0, and the other one is less than 0; when 
ILS < 1, it is impossible that C(H, S) and C(E, S) are 
both great or both less than 0. And again considering 
Theorem 2, we can know the entire constraints among 
ILS, ILN, C(E,S) and C(H,S). 

Item 3 of this theorem states that when I LS # 
1, namely the rule E ~ H is valid, the instance 
(C(E, S), C(H, S)) = (0, 0) cannot provide any infor
mation useful for finding the values of P(E) and P(H). 

2.3 Consistency and Selection 

Definition 3 The strength of a rule E -+ H, denoted 
by RS(H,E), that is given by 

RS(H, E)= ILS or RS(H, E)= ILN 

is said to be a unary strength. 

Definition 4 The strength of a rule E -+ H, denoted 
by RS(H, E), that is given by 

RS(H, E)= (ILS, ILN) 

is said to be a binary strength. 

Definition 5 The strength of a rule E-+ H, denoted 
by RS(H, E), that is given by 

RS(H,E) = (ILS,ILN, (C(E,S),C(H,S))) 

is said to be a ternary strength. 

In the PROSPECTOR model, in order to transform 
the value of the strength, of each rule in a knowledge 
base, into the values of the corresponding probabilities, 
a human expert must supply a value for the prior prob
ability of the conclusion of each rule. The rule strength 
also needs to be supplied with a value. This may lead 
to an inconsistency among these values. For example, 
for two rules E-+ H 1 and H 1 -+ H2, let P(Hl) = 0.4, 
P(H2 ) = 0.3 and RS(H, E) = (LS, LN) = (100, 0.3). 
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Then by the following formulas given in the PROSPEC
TOR model: 

LS x P(H) 
P(HIE) = (LS- 1)P(H) + 1 

LN X P(H) 
P(HI-,E) = (LN- 1)P(H) + 1 

we have P(H2lHt) = 0.98 and P(H2l...,Hl) = 0.11, but 
the values of P(H2), P(Ht), P(H2lH1) and P(H2l-.Ht) 
do not satisfy the total probability formula (see Lemma 
1), that is, an inconsistency occurs. We define such an 
inconsistency as: 

Definition 6 For a rule E-t H, if the values of P(E), 
P(H), P(HIE) cmd P(Hl-,E) do not satisfy the total 
probability formula {5 }, it is said that a p-inconsistency 
occurs. 

Clearly, to avoid the p-inconsistency requires the con
sideration of the relationships among rules in a knowl
edge base. 

Lemma 4 

ILS x P(H) 
P(HIE) = (ILS- 1)P(E) + 1 (22) 

P(Hl...,B) = (ILN- 1)P(E) + P(H) (23) 
(ILN- 1)P(E) + 1 

Proof. From (1) and (5), we can get (22). From (2) 
and (5), we can get (23). 0 

Theorem 9 For a rule E -t H, if its strength is a 
unary one, and the values of both P(H) and P(E) are 
available, then no p-inconsistency occurs. 

Proof. It is an immediate consequence of Lemmas 1 
and 4. 0 

Lemma 5 

P(E) = (ILN- ILS)P(H)- ILN + 1 (24) 
(ILN -1)(ILS -1) 

Proof. It is an immediate consequence of Lemma 2. 0 

Theorem 10 For a rule E -t H, if its strength is a 
binary one, and the value of either P(H) or P(E) is 
available, then no p-inconsistency occurs. 

Proof. It is an immediate consequence of Theorem 1, 
Lemmas 1, 2 and 5. 0 

Theorem 11 For a rule E -t H, if its strength is a 
ternary one, and the values of both P(H) and P(E) are 
not available, then no p-incorisistency occurs. 

Proof. It is an immediate consequence of Theorems 1, 
4-7, and Lemma 1. 0 

Following the above theorems, we can easily select 
an appropriate form for the strength of each rule in a 
knowledge base, so that no p-inconsistency occurs. 

Example: Let us examine a knowledge base which 
consists of the rules Eo -t Et, Et -t E2 and E2 -t H . 
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1) If the rule Eo -t Et possesses a ternary strength, 
the value of P(Eo) and P(Et) can be found from 
the value of this ternary strength, by Theorems 
4-7. In this case, in order to guarantee that no 
p-inconsistency occurs, the strength of the rule 
Et -t E2 should be a binary one or a unary one, 
by Theorems 10 and 9. 

2) If the strength of the rule E 1 -t E 2 is a binary 
one, then the value of P(E2) can be found from 
the values of its strength and P(Et), by Lemma 
5. Thus, by Theorem 10, in order to guarantee 
that no p-inconsistency occurs, the strength of the 
rule E2 -t H should be a binary one. This is 
because the value of P(H) needs to be found from 
its strength and the value of P(E2 ) by (8). 

3) If the strength of the rule Et -t E 2 is a unary 
one, and the value of P(E2 ) can be found from 
the rule E2 -t H, then no p-inconsistency oc
curs, by Theorem 9. Thus the strength of the rule 
E2 -t H should be a ternary one, because the val
ues of P(E2 ) and P(H) need to be found from its 
strength by Theorems 4-7. 

3 Prior Probabilities of Boolean 
Nodes 

From the previous section we know that, in an infer
ence network, the prior probabilities of the nodes cor
responding to middle hypotheses and end hypotheses 
need not be supplied with values for their prior prob
abilities, because they can be found from the values 
of the strength of the corresponding rules. But, what 
about the nodes corresponding to a Boolean expression 
in some evidence and/or middle hypotheses? In this 
section, we will discuss this problem. 

3.1 The Boolean Node of Middle Hy
potheses 

Suppose that in a knowledge base, there are the follow
ing rules: 

where H' is a Boolean expression in Ht, ... , Hn. How 
can the value of P(H') be found from the values of 
P(Ht), ... , P(Hn-d and P(Hn) by a formula? 

The negation formula is 

Theorem 12 

P(-.E) = 1- P(E) (25) 

For AND and OR formulas, [9, 1, 7] give the following 
definition and theorems. 

Definition 7 The degree of dependence between the 
proposition Et and E2, denoted by D, is given by 

D _ P(Et 1\ E2) 
- min{P(Et), P(E2)} 

(26) 
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Some different models are described as follows. 

Theorem 13 (Min-dependence) If 

then 

D _ max{O, P(Et) + P(E2)- 1} (
27

) 
- min{P(E1), P(E2)} 

P(E1 /\ E2) = max{O, P(E1) + P(E2)- 1} (28) 

P(E1 V E2) = min{l, P(Et) + P(E2)} (29) 

Theorem 14 (Independence) If 

then 

(30) 

P(E1 /\ E2) = P(E1)P(E2) (31) 

P(E1 V E2) = P(E1) + P(E2)- P(E1)P(E2) (32) 

Theorem 15 (Max-dependence} If 

D= 1 (33) 

then 

P(E1 /\ E2) = min{P(El), P(E2)} (34) 

P(E1 V E2) = max{P(E1), P(E2)} (35) 

Theorems 13-15 are only some examples. For two 
pieces of assertion of the antecedent part of a rule, if 
a human expert can give the corresponding dependent 
degree D, then, from Definition 7, we can easily derive 
the corresponding AND and OR formulas. 

3.2 The Boolean Node of Original Evi-
dence 

For a rule E-+ H, P(E) need not be supplied with any 
value by a human expert, because the value of P(E) 
can be found from the values of the strength of the rule 
according to the discussion in Section 2. Therefore, in 
the case where Eisa piece of original evidence, there is 
no problem. However, in the case that E is a Boo lean 
expression in the pieces of original evidence E 1, ... , En, 
there is a problem. Although the value of P(E) can 
be found from the strength of the rule, the value of 
each P(Ei) (1 ::; i ::; n) cannot be found. Thus the 
value of C(Ei, S) cannot be transformed into the value 
of P(EiiS) for propagation by using the appropriate 
probability propagation formulae described in the next 
section. As a result, it seems that a human expert has 
to supply a value for each P(Ei)· 

Though the majority of nodes in an inference network 
need not be supplied with values, the need for some 
nodes to be supplied with values is still a very arduous 
task for a human expert. According to the above dis
cussion, a solution to the problem may not be found if 
absolute consistency with probability theory is insisted 
upon. However, if this insistence is relaxed a little, the 
problem can be easily solved. In fact, in a case where 
the premise E of the rule E -+ H is a Boolean com
bination of the pieces of original evidence E 1, ... , En, 
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we can firstly find the value of C(E, S) by using the 
PROSPECTOR formulae in Definition 8; next, we find 
the value of the prior probability P(E) from the value 
of strength of the corresponding rule, according to the 
discussion in Section 2; finally, by Theorem 3, the value 
of C(E, S) can be transformed into the value of P(EIS) 
to propagate. 

Definition 8 

C(E1 V E2, S) = max{C(E1, S), C(E2, S)} (36) 

C(E11\E2,S) =min{C(E1 , S),C(E2,S)} (37) 

C(•E, S) = -C(E, S) (38) 

3.3 The Mixed Boolean Node 

Suppose that in a knowledge base, there are the follow
ing rules: 

where H' is a Boolean expression in the mid
dle hypotheses H 1, ... , H n and the original evidence 
Ef, ... , E~. How can the value of P(H'IS) be found? 
Just as in Subsection 3.2, we can give a relaxed so
lution to this problem. First, we find the value of 
each C(Hi, S) from the values of P(H;IS) and P(Hi), 
by Definition 2, because the value of each P(Hi) can 
be found from the value of the strength of the corre
sponding rule according to the discussion in Section 
2. Second, by using the formulae in Definition 8, 
we can find the value of C(H', S) from the values of 
C(H1, S), ... , C(Hn, S) and C(Et, S), ... , C(E:r,, S). 
Finally, we note that the value of P(H') can be found 
from the value of the strength of the rule H' -+ H 
according to the discussion in Section 2. Thus, by The
orem 3, the value of C(H', S) can be converted into the 
value of P(H'IS) to propagate. 

4 Propagation for Probability 

In the last two sections, we discussed some ways to 
find values for prior probabilities using the values of 
strength of rules, rather than supplying values for them. 
Since the values of prior probabilities can be found, the 
values of the uncertainty measures of both evidence and 
rules can be transformed into the values of the corre
sponding conditional probabilities. So, it is enough for 
us to consider the probability propagation formulae. 

First, the values of uncertainty measures for both evi
dence and rules are transformed into the values of prob
abilities; second, by using the corresponding probabil
ity propagation formulas , these values are propagated 
through an inference network. Clearly, this approach 
ensures that the definitions of uncertainty measures for 
evidence and rules are consistent with the propagation 
for their values. In other words, our model is consistent 
with probability theory. 
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4.1 Sequential Propagation 

So-called sequential propagation is used to find the 
value of P(HIS) from the values of P(EIS), P(HIE) 
and P(Hi...,E). 

1) If the strength of rule E ~ H is a binary one or 
a ternary one, then P(HIE) and P(Hi-,E) can be 
found from the value of its strength by Theorem 
1. In this case, we use formula (11) for sequential 
propagation. 

2) If the strength of rule E-t H is a unary one, then 
only one of P(HIE) and P(Hi...,E) can be found 
from the value of its strength by Lemma 4. But in 
this case, since the values of P(E) and P(H) are 
known, we can use the formulae in the following 
theorem for sequential propagation. 

Theorem 16 If H and S are conditionally indepen
dent given E and-,£, that is, 

then 

P(HIE 1\ S) = P(HIE) (39) 
P(Hi...,E 1\ S) = P(Hi·E) (40) 

P(HIS) = P(HIE)(P(EIS) - P(E)) 
1- P(E) 

+ P(H)(1- P(EIS)) (41 ) 
1- P(E) 

P(HIS) = P(Hi...,E)(P(E)- P(EIS)) 
P(E) 

+ P(H)P(EIS) (42) 
P(E) 

Proof. From Lemma 1 and (11), (41) and (42) can be 
~b~~- D 

Sequential propagation using (11), (41) and (42) 
differs from the PROSPECTOR subjective Bayesian 
model. 

By Lemma 1, if P(EIS) = P(E), P(HIS) should be 
P(H). But, in the PROSPECTOR model , for two rules 
Eo~ E and E ~ H, the value of P(E) of the conclu
sion of Eo ~ E needs to be supplied with a value by 
a human expert, as does the value of P(H) of the con
clusion of E-t H. Now let P(EIS) be the subjective 
value of P(E), then the result of the right side of (11) 
may not be equal to the subjective value of P(H). 

In other words, if all of P(E), P(H), P(HIE) and 
P(HI-.E) are supplied with values directly or indirectly 
in a subjective manner, the total probability formula 
(i.e. Lemma 1) may not be satisfied. That is, a p
inconsistency among the values occurs. To solve the 
problem, Duda et al. [8] proposed the following so
called EH formula for sequential propagation: 

P(HIS) = 
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P(Hi-,E) + (P(H)-P(ff<I_;~))P(EIS) 

if 0::; P(EIS) < P(E) 

P(H) + (P(HIE)-P(Hl)(P(EIS)-P(E)) 
P .,E) 

if P(E) ::; P(EIS) ::; 1 
(43) 

7 

No p-inconsistency in our method is guaranteed by 
Theorems 9-11. Therefore, we use {11), (41) and (42), 
rather than the above EH formula, for sequential prop
agation. 

From (7) and ( 43), we can easily derive the following 
formula: 

P(HIS) = 

P(Hi-,E) + (P(H)-P(HI.,~))(C(E,S)+5) 

if C(E, S) ::; 0 

P(H) + (P(HIE)-PJH))C(E,S) 

if C(E, S) > 0 

Note that in the above formula, there is no P(E). 
Hence, in the PROSPECTOR model, there is no need 
to supply values for prior probabilities of original ev
idence. However, this is based on (43), which is a 
pseudo-probability formula. In our method, sequen
tial propagation employs the formulas strictly derived 
from probability theory, rather than being based on 
( 43) . From (7) and our sequential propagation formu
las, we cannot derive a formula in which there is no 
P(E). Hence, we discussed the problem of calculation 
for prior probability of original evidence in Subsection 
3.2. 

4. 2 Parallel Propagation 

So-called parallel propagation is used to find the value 
of P(HIS1 1\ S2) when we have found the values of 
P(HIS1) and P(HIS2) from both rules E 1 -t H and 
E2 ~ H, respectively. 

Duda et al. [8] showed: 

Theorem 17 If S1 and S2 are conditionally indepen
dent, given H and -,H, that is, 

then 

P(S1 1\ S2iH) = P(S1iH)P(S2iH) (44) 
P(S1 1\ S2i...,H) = P(Sd-.H)P(S21-.H) (45) 

O(HIS 1\ S ) = O(HIS!)O(HIS2) (46) 
1 2 O(H) 

where 0 is odds. The relationship between odds and 
probability is 

O(x) = P(x) 
1- P(x) 

(47) 

By ( 4 7), we can transform ( 46) into the following 
(48). 

Theorem 18 If S1 and S2 are conditionally indepen
dent, given H and -.H, that is, {44) and (45), then 

P(HIS1 AS2) 

P( H!Sl)P( HIS2)P( ...,fl) 
= -=p-:-( ...,-=H=I s=!..,-:)P:::-::(,.-...,H=7-:I S:-':2 )-::P:-7-( H::-:'):--+...!...P-=-('"=H-=7-1 s-=-!-:-::)P::-:(-:::H:;-:1 S::-:2 ):-::? :-:-( ...,.....,H~) 

(48) 

From the above theorem, we know that the value 
of the prior probability is referred to by using parallel 
propagation. This is one of reasons why we need to 
calculate its value from some rule-strength. 
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4.3 Boolean Propagation 

The negation propagation formula is 

Theorem 19 

P(•EiS) = 1- P(EiS) (49) 

For AND and OR propagation, similar to [9, 1, 7], we 
can give the following definition and theorems: 

Definition 9 Under an observation S, the degree of 
dependence between the proposition Et and E 2 , denoted 
by D, is given by 

Some different models are described as follows. 

Theorem 20 (Min-dependence) If 

then 

D = max{O, P(EtiS) + P(E2iS)- 1} 
min{P(EtiS), P(E2IS)} 

(51) 

P(Et A E2IS) = max{O, P(EdS) + P(E2IS) -1} (52) 

P(Et V E2IS) = min{1, P(EtiS) + P(E2IS)} (53) 

Theorem 21 {Independence) If 

then 

P(Et A E2IS) = P(EdS)P(E2iS) 

P(Et V E2IS) = P(EtiS) + P(E2IS) 

-P(EtiS)P(E2IS) 

Theorem 22 (Max-dependence) If 

then 

P(Et A E2jS) = min{P(EtiS), P(E2iS)} 

P(Et V E2IS) = max{P(Et!S), P(E2IS)} 

(54) 

(55) 

(56) 

(57) 

(58) 
(59) 

Theorems 20-22 are only some examples. If a human 
expert can give the corresponding dependent degree D 
for two pieces of assertion of the antecedent part of a 
rule, then, from Definition 9, we can easily derive the 
corresponding AND and OR propagation formulas for 
probabilities. 

5 An Example 

Suppose that in a knowledge base, there are the follow
ing rules: 

Rt : Et A E2 --r Es 

(ILS,ILN) = (100,0.3) 

(C(Et A E2, S), C(Es, S)) = (3, 2) 
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R2 : •E3 V E4 --r E6 

{ILS, ILN) = (100, 0.5) 

(C(•E3 V E4,S),C(E6,S)) = (-3,-2) 

R3 : Es V E6 --r E1 

{ILS, ILN) =(50, 0.4) 

R4: E1 --r Eg 

ILN = 0.9 

Rs: Ea---* Eu 
{I LS, ILN) = (300, 0.3) 

R6: Eta---* H 

(ILS, ILN) = (0.3, 200) 

R1: Eg --rH 

(ILS, ILN) = (0.8, 30) 

(C(Eg, S), C(H, S)) = (-1, 0.4) 

Ra: En--rH 

(ILS,ILN) = (0.2, 150) 

Let us explain the strengths of the rules in the knowl
edge base above. 

1) A ternary strength is associated with the rule R7, 
such that the value of P(H) can be obtained by 
computing. Thus, for the rules R6 and R8 , only 
binary strengths are necessary. 

2) Since the value of P(Eu) can be found from the 
values of P(H) and the strength of R8 , a binary 
strength should be associated with the rule R5 . 

3) The values of P(Es) and P(E6 ) can be obtained 
from the ternary strengths of Rt and R2 respec
tively, thus the value of P(Es V E 6 ) can be found. 
So, a binary strength should be associated with the 
rule R3. 

4) Now the value P(E7) can be found from the values 
of P(E5 V Es) and the strength of R3; and the 
value of P(Eg) can be found from the value of the 
strength of R7. Therefore, a unary strength should 
be associated with the rule R4 . 

The inference netwOTk of this knowledge base is as 
follows: 
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Suppose that, from an end-user, we get: 

C(Et,Sd = 3, C(E2,S!) = 4, C(Ea,SI) = -2 
C(E1, SI) = 1, C(Es, 82) = 5, C(E10, Sa) = 4 

From the above inference network, we can see that here 
S1 , S2 and Sa correspond to the three different lines of 
reasoning to derive H, respectively. 

Now we will find the value of the uncertainty measure 
of the hypothesis H. · 

First, let us transform the strengths of the above 
rules into the corresponding conditional probabilities. 
Notice that for OR combinations we use formula (35). 

1. For ruleR~, by (3) and (4), we can obtain 

P(EsiEt 1\ E2) = 0.702 

P(Esi..,(Etl\ E2)) = 0.007 

and by (14) and (15), we can obtain 

P(E1 1\ E2) = 0.142 

P(Es) = 0.106 

2. For rule R2, by (3) and (4), we can obtain 

P(Eai-.Ea V E4) = 0.5025 

P(E6j-.(-,Ea V E1)) = 0.005 

and by (20) and (21), we can obtain 

P(-.Ea V E4) = 0.02 

P(E6) = 0.015 

3. For rule Ra, first by (35), we can obtain 

P(Es V E5} = 0.106 

next by (8), we can obtain 

P(E1) = 0.075 

finally, by (3) and (4), we can obtain 

P(E1IE11 V E6) = 0.605 

P(E7j-.(Es V E5)) = 0.012 
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4. For rule R7 , by (3) and (4}, we can obtain 

P(HjE9 ) = 0.7945 

P(Hj-.Eg) = 0.993 

by (16) and (17), we can obtain 

P(Eg) = 0.024 

P(H) = 0.988 

5. For rule R8 , by (3) and ( 4}, we can obtain 

P(HIEu) = 0.199 

P(HI-.En) = 0.995 

and by (24), we can obtain 

P(Eu) = 0.008 

6. For rule R6, by (3) and (4), we can obtain 

P(HIEto) = 0.299 

P(HI-.Eto) = 0.996 

and by (24), we can obtain 

P(E1o) = 0.012 

7. For ruleRs, by (3) and (4), we can obtain 

P(EuiEs) = 0.795 

P(Eui-.Es) = 0.993 

and by (24), we can obtain 

P(Es) = 0.026 

8. For rule R1, by (23), we can obtain 
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Next, let us transform the values of the evidence un
certainty measure into the value of the corresponding 
probabilities. By (36), (37) and (38), we have 

C(E11\ E2, Si)= 3 

C(-.Ea V E4, Si)= 2 

thus by (7), we have 

P(Et 1\ E2IS1) = 0.6568 

P(-.Ea V E4jSt) = 0.412 

And by (7), we have 

P(EsiS2) = 1 

P(E10ISa) = 0.802 

Finally, let us propagate assessment for uncertain
ties of the evidence and rules to get the value of 
P(HISt 1\ S2 1\ Sa). Notice that for OR combinations 
we use formula (59). 
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1. For rule R1. by (11), we find 

P(E5j8t) = 0.463 

2. For rule R2, by (11), we find 

3. For rule R3, first by (59), we find 

P(Es V E6j81) = 0.463 

then by ( 11) , we find 

P(E1I81) = 0.287 

4. For rule R 4 , by (42), we find 

P(Egj8t) = 0.044 

5. For rule R5 , by (11) , we find 

P(Eul82) = 0.795 

6. For rule R6, by (11), we find 

P(Hj83) = 0.437 

7. For rule R1, by (11), we find 

P(HI81) = 0.984 

8. For rule R8 , by (11), we find 

P(HI82) = 0.362 

9. By (48), we find 

P(HI81 1\ 82 1\ 83) = 0.004 

If necessary, by (6) we can convert it into 

6 Summary 

Supplying values for prior probabilities of nodes in an 
inference network is a very arduous task for human ex
perts. This is because prior probabilities are rarely 
available, and are difficult to obtain. The EMYCIN 
certainty factor model leaves prior probabilities out, so 
that a human expert need not do this task. However, 
this leads to inconsistency with probability theory. The 
PROSPECTOR subjective Bayesian model takes prior 
probabilities in, so that although there is not such an 
inconsistency as with the EMYCIN model, a human 
expert has to carry out this arduous task. There is 
no need for nodes to be supplied with values for the 
prior probabilities by human experts, but the consis
tency between the model and probability theory, seems 
to contain contradictory elements. In the course of ex
ploring possible paths for solving the problem, one of 
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the most important attempts is in the work of Hecker
man [10]. But some researchers [6] feel that the work 
of Heckerman dispels the advantage of the EMYCIN 
certainty factor model. Therefore, another solution to 
this problem is worth considering. 

In this paper, a study is performed to develop an 
alternative solution to this problem. We offer four con
tributions: 

1. Unlike the PROSPECTOR model, our model does 
not need a human expert to supply any value for 
the prior probability of any node in an inference 
network. The key idea is to reduce the problem of 
supplying values for prior probabilities to a lesser 
problem of providing one instance of an uncertain 
reasoning to illustrate the use of some rules in a 
knowledge base. Clearly, the latter is much easier 
and more intuitive than the former. 

2. Unlike the PROSPECTOR model, in our model 
there is no problem of inconsistency among the 
values of the prior probabilities of nodes in an in
ference network. This is because, on selecting an 
appropriate form of rule-strength for each rule in 
a knowledge base, we consider (according to the 
total probability formula) its relationship to the 
other rules in the knowledge base. Since incon
sistency does not appear in our model, sequential 
propagation employs the formulas strictly derived 
from probability theory, rather than the EH for
mula (a pseudo-probability formula) which is de
signed specifically for dealing with this kind of in
consistency in the PROSPECTOR model. 

3. In our model, because the values for the uncer
tainty measures of both evidence and rules can be 
transformed into the values of probability measure, 
their definitions are consistent with the propaga
tion for their values through an inference network. 
In the PROSPECTOR model, the definitions of 
uncertainty measures are substantially consistent 
with the propagation for their values. This is not 
so in the EMYCIN model. 

4. The inadequacy of the measures of rule
uncertainty in the PROSPECTOR model is identi
fied using the analysis of the meaning of uncertain 
causal relation. By careful examination of this in
adequacy, we introduce two new basic measures 
for uncertainties of a rule. These can satisfacto
rily capture the idea that the premise of the rule 
is a possible cause of the conclusion of the rule. 
Whereas those in the PROSPECTOR model fail 
to do so. 

Currently the most popular method for managing un
certainty is the Bayesian network [18, 3]. Probably this 
is principally because the model is consistent with prob
ability theory. However, probabilistic inference using 
the Bayesian network is N P-hard in general case [4]. 
Clearly, the inference in our model is not N P-hard, 
and our model is also consistent with Bayesian. There-
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fore, we believe that our model is a competitor to the 
Bayesian network model. 
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